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I In this paper we introduce a new functional invariant of discrete time dynamical 

' systems — the so-called t-entropy. The main result is that this t-entropy is the 

Legendre dual functional to the logarithm of the spectral radius of the weighted 
shift operator on L^{X,m) generated by the dynamical system. This result is called 
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Q ■ the Variational principle and is similar to the classical variational principle for the 
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topological pressure. 
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In the present paper we define and investigate a new functional invariant of discrete 
time dynamical systems. It is called t-entropy. Similarly to the classical Kolmogorov-Sinai 
^ ' entropy this invariant is a concave functional on the set of probability measures defined 

^ ■ on the phase space of a dynamical system. It is well known that the Fenchel-Legendre 

transform of the Kolmogorov-Sinai entropy coincides with the topological pressure (this 
^ I fact is usually called the 'variational principle for the topological pressure'). Similarly, the 

0> I basic property of t-entropy is that its Fenchel-Legendre transform turns out to be equal to 

^ ' the logarithm of the spectral radius of a weighted shift operator generated by the dynamical 

O ■ system. Moreover, t-entropy is always upper semicontinuous whereas the Kolmogorov-Sinai 

entropy in general does not possess this property. 
^ I The problem of existence of an invariant that would make it possible to prove the 

I variational principle for the spectral radius of a weighted shift operator was set up by A. V. 

Lebedev. He also proposed the term 't-entropy' itself. This problem was under discussion 
at the seminar directed by A. B. Antonevich and A. V. Lebedev in the course of several 
years and finally was solved only due to their constant inspiring influence. Initial Lebedev's 
idea was very simple: to proceed in the same manner as R. Bowen in |3] where he proved 
the variational principle for the topological pressure. But the further analysis showed that 
Bowen's method does not work in the new setting. So it was radically revised. 

In essence, the main result of this paper was announced in [T[ [2], |3] (in a slightly different 
form and in a bit more general setting). Nevertheless the proof of it in the present setting 
is published now for the first time. 

The paper is organized as follows. In Section [T] we define the notion of t-entropy, 
formulate the Variational principle, and prove its easy part. In Section [2] we study basic 
properties of t-entropy. In Section [3] we formulate the so-called Entropy Statistic Theorem 
(Theorem [2]) and deduce from it the hard part of the Variational principle. Section H] 
contains the proof of the Entropy Statistic Theorem. 
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1 Variational Principle 



Let a : X — > X be a measurable mapping of a measurable space {X, 21) supplied with a 
(T-finite measure m. This mapping generates the shift operator A that maps each function 
/ to Af = foa. Assume that A is bounded on the space L^{X,m) of integrable real- 
valued functions on X. The boundedness condition for A is equivalent to the existence 
of a constant C such that m{a^^{G)) < Cm{G) for every G G 2t. The latter inequality 
implies that ||y4|| < C. For each function G L°°{X,m), where L°°{X,m) is the space of 
essentially bounded real-valued functions, we define the weighted shift operator A^ acting 
on L^{X,m) by the formula 

K/](a;) =e^(^V(«(a:)), f e L\X,m). (1) 
Denote by X{^p) the logarithm of the spectral radius of A^: 

X{^)= hm -\n\\A^^\\. (2) 

n— >oo fl " ^ " 

A linear functional on L°°{X,m) is called positive if it is nonnegative on the set of all 
nonnegative functions, and normalized if it takes the unit value at the unit function. Denote 
by M{X,m) the set of all positive normalized linear functionals on L°°(X, m). Obviously, 
M{X, m) can be identified with the set of all finitely additive probability measures on 21 
that are absolutely continuous with respect to m. Therefore we will call the elements of 
M{X, m) measures. Any finite set D = {gi, . . . , g^} of nonnegative functions gi G L°°{X, m) 
will be called a measurable partition of unity on X if it satisfies (almost everywhere) the 
identity gi + ■ ■ ■ + gt = I. For any measure fj, G M{X, m) we define the t-entropy r(/i) by 
the formulae 

r(/i) = inf r„(/i) = inf r„(/i, D), (3) 

neN n D 



r„(/i,L')= sup 2_^fi{g)\n . 



-i—^ Kg) 



(4) 



Infimum in ([3]) is taken over all measurable partitions of unity D on X and the supremum 
in (jl]) is taken over all / G L^{X,m). If ij,{g) = for some g & D, then the corresponding 
summand in (jl]) is assumed to be zero regardless the integral in numerator. But if there 
exists a function g E D such that g dm = and fi{g) > 0, then we set r(/i) = — oo. 

A measure /i G M{X,m) is called a-invariant if fi{foa) = fi{f) / ^ L^{X,m). 

This is equivalent to the condition fj,{a~^{G)) = fi{G), G G 2t. We denote by Ma{X,m) 
the set of all a-invariant measures /i G M{X,m). 

Theorem 1 (Variational principle) The logarithm of the spectral radius of the weighted 
shift operator ([1]) satisfies the variational principle 

Xiip)= max (/i(¥;) + r(/x)), ¥PGL°°(X,m). (5) 

This is the main result of the paper. Let us make at once some relevant remarks. First, 
formula ^ means that A(v9) is the Fenchel-Legendre transform of the restriction of the 
functional —T{fi) to the domain Mq,(X, m). Secondly, if the maximum in is attained at 
a measure /i then /i is a subgradient of A((/9). This implies that X{ip) is convex with respect 
to (f. 
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2 Proof of the Variational Principle 



First let us verify the inequality X{(p) > fi{ip) + T{fi), where fi G Ma{X,m). To this end 
introduce the notation Sn^p = (p + ipoa + ■■■ + yjoa""^. Then ([1]) implies the equality 
A^f = e^^'^foa'^. For an arbitrary n G N and e > choose a measurable partition of unity 
D such that for any function g & D the essential oscillation of Snf over the support of g 
does not exceed e. Set Sn^{g) = esssup{ Snf{x) \ g{x) 7^ }. Then for any /i G Ma{X,m) 
and / G L^{X,m) by the concavity of the logarithm function we have 



+ ln /" e^"^|/oa"|dm > In^e^"'^^^) f g\foa''\dm 



S E Ms) in 

>li{Sn^)+ 2^ Kg)\^— . 

Pass here to the supremums over all / with unit norm. As a result, taking into account (j4]), 
we obtain the inequality e + In ||^^|| > ^{Sn^) + Tn{l^-,D). Divide it by n and turn n to 
infinity. The limit will be \{'^) > /i(v') + 'T{^^)■ 

It is much more difficult to prove that \{^p) does not exceed the right-hand side of ([5]). 
We will deduce this fact from the Entropy Statistic Theorem for empirical measures, which 
will be formulated below. 

Take any point x E X. The empirical measures 5x,n ^ ^{X-, m) are defined by the 
formula 

S.Af) = -Snfix) = - (fix) + fia{x)) +■■■+/ ^-^(a:))) . 

Since here / G m), the value of Sx^nif) cannot be uniquely determined for each x. 

Indeed, this value, as a function of x, is an element of L°°{X,m). So it is defined only up 
to a set of measure zero. 

Supply M(X, m) with a *-weak topology of the dual space to L°°{X,m). Given a 
measure /i G M(X, m) and its neighborhood 0{fi) let us consider the sequence of sets 

X„(0(/i)) = {xGX|5,,„G0(/x)}. 

Of course, they are defined only up to a set of measure zero. Nevertheless, we can state 

Theorem 2 (Entropy Statistic Theorem) For any fi G M{X, m) and any t > t{^) 
there exist a neighborhood 0{ij) in the *-weak topology and a large enough number C{t,fi) 
such that for all f G L^{X,m) and n E N we have 

I foa''dm<Cit,fi)e''' [ \f\ dm, t > rifi). (6) 

JXn{0{tl)) Jx 

This very hard theorem will be proved in Section HI Now we are using it to complete 
the proof of the Variational principle. We start with two auxiliary propositions. 

Proposition 3 The sets M{X,m) and Ma{X,m) are compact in the *-weak topology. 
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Proof. These are closed subsets of the unit ball in the dual space to L°°[X,m). This ball 
is compact by Alaoglu's theorem. □ 

Proposition 4 If U is a neighborhood of Mq,(X, m) in M{X,m) then there exists so large 
N that 6x^n G U for almost all x E X and all n > N. 

Proof. By the previous Proposition the set M{X, m) \U is compact. Hence there exist a 
finite collection of functions /i, . . . , fk from L°°{X,m) and a positive number e such that 
E!=i|Ai(/i) - > ^ for all /i G M{X,m) \ U. Obviously, 5^,n(/i) - 4,n(/ioa) = 

— /(a;"(x))). Therefore for all n large enough we have (almost everywhere) 



2 ^ 



^\Sx,n{fi) - Sx,n{fi°^)\ < - ^ GSS SUp \fi\ < 6. 



n 

i=l i=l 



From here it follows that S^^n € f/. □ 

Now we are able to finish the proof of the Variational principle. 

Set 

A(yp)= sup (M<^) + r(/i)). (7) 

fi<^Ma{X,m) 

Let us fix arbitrary numbers c > A((y9) and £ > and define the functional t(/i) = c — /i(v5) 
on the set of invariant measures Mq(X, m). Clearly, t(yu) > r(yu). For each /i G M(^(X, m) 
choose a neighborhood 0(/i) in M(X, m) such that the Entropy Statistic Theorem holds 
true for this 0{ii) and t = t{fi) and at the same time for all z/ G 0{fi) we have the estimate 
1/(99) < /i(</9) + £. Then for almost all x G X„(0(yu)) the next relations hold 

Sn^{x) =n5^^n{^) <n[^{ip)+e) = n{c - t{fx) + e) . (8) 

By Proposition [3] the set Mq,(X, m) is compact. Let us cover it by a finite collection of 
neighborhoods 0(/ii), . . . , 0(/ifc) of the form described above. It follows from Proposition!!] 
that for all n large enough almost every point x G X belongs to at least one of the sets 
Xn{0{fj,i)), i = 1, . . . , k. Therefore, using ([8]) and the Entropy Statistic Theorem we 
obtain the following estimate for each function / G (X, m) with unit norm 

k 

= / |e^"^/oa"| dm < V /" e"^"^ |/| oa" dm 

Jx Jxn{oi^li)) 

k k 

< J]e"(^-*(^»)+^)C(t(/x,),/i.)e"*(^') = e"(^+^)^C(t(/x,),/^.)- 

1=1 i=l 

When n —>■ 00 this implies X{^p) < c + e. And since the numbers c > A{ip) and e > are 
arbitrary it follows that X{ip) < A{ip). Finally, in Proposition [7] in the next section it will 
be proved that the t-entropy r(yu) is upper semicontinuous on the compact set Mq(X, m). 
So the supremum in (I7j) is, in fact, maximum. This completes the proof of Theorem [H □ 
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3 Properties of t-entropy 



In this section we study some properties of t-entropy and in particular its upper semicon- 
tinuity. First note that r(/i) < A(0). Indeed, from (j4]) and the concavity of the logarithm 
function it follows that for any measurable partition of unity D on X we have 

Ix 9 \f °'^"^ \ '^"^ f I 

Tn{n,D)= sup > /i(5()ln < sup ln> / g\foa \dm 

11/11=1^ ^"^3) 11/11=1 f^Jx 



= sup In / |/oa"| dm = In ||y4"|| 

11/11=1 Jx 

and hence, taking into account ([3]), 

r(^) = inf!^^<infl^ = A(0). 

n,D n n n 

In particular, if the measure m is invariant then = 1 and therefore r(yu) < 0. 

Proposition 5 The functions Tn{fJ^,D) and T{fi) are concave with respect to ^ E M{X,m). 

Proof. Suppose /ii,/i2 ^ M{X,m) and fj, = pifj,i +P2/^2, where pi + p2 = I and pi,P2 > 0. 
Then 

/ M , r \ ^ Ix 9 Ih^a^'l dm 

Pifiiig) In Vp2l^2[9) 



M9) f^2{9) 
< M In- 



Ix9{Pi l/il +P2 \f2\)°a''dm 



Let us sum this inequality over g E D and pass to the supremums over fi and f2- As a 
result we obtain the inequality pir„(/ii, D) +P2Tn{fi2, D) < Tn{f^, D). It means exactly that 
Tn{f^,D) is concave with respect to /i. So (j2]) implies that r(/x) is concave as well. □ 

Let D = {gi, . . . ,gk} be a measurable partition of unity on X. Let us remove from it 
all the elements gi such that gi dm = and put Dm = {g E D \ J-^ g dm > O}. Denote 
by M{D) and M{Dm) the sets of all probability measures on the finite sets D and Dm, 
respectively. Obviously, the sets M{D) and M{Dm) are finite-dimensional simplexes. If one 
extends each measure fi e M[Dm) to D\ Dm by zero, then the simplex M{Dm) becomes 
a face of M{D). Note that formula (jlj) defines the functions Tn{fi,D) not only for the 
measures /i G M{X, m) but for /x G M{D) as well. 

Proposition 6 The function Tn{-,D) is continuous on M{Dm) and turns into — oo on 
M{D)\M{Dm). 

Proof. Let us fix a nonnegative function h E L} (X, m) with unit norm and such that 
g hoa"' dm > for all g G Dm- For any nonnegative function / G L^{X,m) with unit 
norm let us define the family f^ = {1 — e)f + eh depending on the parameter e G [0, 1]. In 
addition we introduce the notation 

= y2 / gfoa'^dm, ip^{fi) = sup ip{fi,fe)- 

geD^ 11/11=1 
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Then for any E M[Dm) we have 

Y.\li{g)-u{g)\. (9) 
By construction, 

/ gfeOa''dm>e I ghoa''dm>0 (10) 

and on the other hand 

/ gfeoa'^dm < . (11) 

Jx 

From fl9l)- f|TTl) it follows that for strictly positive e the function ipe^fi) depends continuously 
on the measure G M{Dm)- Evidently, 

^o(/i) > -ipeil^) > i^M + ln(l - e). 

Hence the function ipolfi) is the uniform limit (as e — ^ 0) of ipeifJ') and so it is also continuous. 
Furthermore, the difference of two continuous functions i^o^fi) — J2geD f^id) f^id) coincides 
with Tn{^,D) and is continuous on the M{Dm)- The second part of Proposition [6] follows 
immediately from (jlj). □ 

By virtue of Proposition [6] the function r„(/i, D) is upper semicontinuous (in the *-weak 
topology) on the M(X, m). The same is true for the t-entropy r(yu) = inf r„(/i, Z))/r;,. 
So we have obtained 



< max 


In / 




Jx 



gfe 



oa 



' dm 



Proposition 7 The functional T{fi) is upper semicontinuous on the M{X,m). 

In the next four Propositions we observe some additional properties of the t-entropy 
although they are not used in verification of the Variational principle. 

For any partition of unity D on X and a positive number e denote by W{D,e) the set 
of all measurable partitions of unity E that satisfy the following condition: for each h & E 
the oscillation of any function g E D on the support of h does not exceed e. 

Proposition 8 Given a measure fi G M{X,m), a measurable partition of unity D on X, 
and a number t > Tn{fJ^,D) there exists a small e > such that for all E G W{D,e) the 
estimate r„(/i,i?) < t is true. 

Proof. Denote by D^^ the collection of all functions g E D satisfying the condition ^{g) > 0. 
Choose a positive e so small that for all go G D^, 

Consider any partition of unity E G WiD^e). Let E^ = E E \ fi{h) > 0}. Then for 
each nonnegative function / G L^{X,m) with unit norm, the concavity of the logarithm 
implies the following relations 

V- J^hfoa'^dm ^ fj^gh) J^hfoa'^ dm 
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irf M Kh) Jx 



g&Df, ^ h€E^ 

<j:K9)^n . (13) 

geD^ ^^^^ 

To finish the proof it suffice to check that f|T3l) does not exceed t provided e is small. Since, 
once it is proved then passing to the supremum over / we obtain immediately the desired 
estimate r„(/i, E) < t. 

If there exists a function qq G such that J^^ gof oa"^ dm < ^Je then, obviously, 
/x(5'o + £)f°C(^ dm < y/e + e \\A\\^ and so, in view of ffT^ . the whole of sum (fT5j) does not 
exceed t. In the opposite case for each g E we have the estimate 

/ (^ + e)/oa"rfm< (1 + v^Pf) f gfoa^'dm. 
Jx Jx 

Therefore, it follows that f|T3l) does not exceed the sum r„(/i, D) + ln(l + y/e ||v4||"), which 
is less then t provided e is small enough. □ 

Proposition 9 // one uses in ([3]) only those partitions of unity D that consist of index 
functions ( corresponding to finite measurable partitions of the space X ) then the functionals 
Tn{fi) and T{fi) do not change. 

Proof. This follows from Proposition [HI □ 

Proposition 10 // the mapping a is invertible and a"^ is measurable and the measure m 
is a-invariant then T{fi) = 0. 

Proof. As it was already proved, if m is invariant then r(yu) < 0. Consider any measurable 
partition of unity D on X consisting of index functions of a finite family of sets Gi, . . . , 
which is a measurable partition of X. One can assign to each Gi a nonnegative measurable 
function /j such that it vanishes outside Gi and at the same time fidm = fi{Gi). 
Consider the function / = (/i + - ■ ■ + /*;) oa^". It is easily seen that ||/|| = 1. Substituting / 
in dl]) we obtain the inequality r„(/i, D) > 0. Then by the previous proposition r„(/i) > 
and so r(/i) > 0. □ 

Proposition 11 If ^ E Ma{X,m) then rn+fc(/i) < T;„(/i) + Tk{fi). So for an a-invariant 
measure fi t-entropy may be defined as the limit r(yu) = lim„_*oo Tn(Ai)/'^- 

Proof. Consider two measurable partitions of unity D, E on X. For any g E D and h E E 
define the function Ugh = ghoa^. Let us define the new partition of unity 

C = {Ugh\gED, HeE}. 

Set 

D^ = {g E D \ 12(g) > 0} and E^ = {h E E \ 12(h) > 0}. 

If there exists an h E E^ such that hdm = 0, then r„(/i, E) = r„+fc(/i, C) = and so the 
proposition is proved. In the opposite case there exist nonnegative functions f E L} (X, m) 
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satisfying the condition j^h f oa^ dm > for all h & E^j,. For these /, by using the 
a-invariance of /x and the concavity of the logarithm we obtain the relations 

/ X Kugh) , J^Ughfoa^'+^dm-nih) 



fi{g) fi{ugh) ■ J^hfoa'^dm 



geD^ h&Ef, 

Ugh f o a'^^'' dm- iJ,{h) 
dm 



Evidently, ||f|| = 1. Varying / we can deduce from here that Tn+k{fJ',C) < 'TnilJ^^E) + 
Tj:{fi,D). Passing to the infimum over E and D we obtain the desired inequality from 
Proposition [111 D 



4 Proof of the Entropy Statistic Theorem 

Let us fix a natural number n and a measurable partition of unity D on X. As before, 
suppose that Dm = {g&D\f^g dm > } and that M{D) and M{Dm) denote the finite- 
dimensional simplexes consisting of all probability measures on D and on Dm, respectively. 
In this case the simplex M{Dm) is naturally embedded into M{D). For any measure 
fi G M{Dm) choose a sequence of nonnegative functions G L^{X,m) with unit norms 
in such a way that the supremum in (jl]) is attained at {/«} and at the same time for all 
g e Dm there exist limits 

H'{g)=lim / gf.oa'^dm. (14) 
Jx 

Then 

Tn{fi,D)= sup 2^/i(^)ln^ — = fi{g)\n——. (15) 

11-^11=^ ge-Dm ^^^^ gdDm 

Generally speaking, the correspondence /z i-^ /i' constructed above is many-valued. But 
for the convenience of the further representation we now fix some single-valued branch of 
this correspondence (i. e., to each /i G M{Dm) we assign a unique measure /i' on Dm of the 
form (fTH)). 

Lemma 12 Each summand fi{g) \n(^^'{g) j fi{g)) in the right-hand side of (1151) is a bounded 
function on M{Dm) and it tends to zero as fi{g) 0. 

Proof. It follows from ffT4l) that /i'(5') ^ So the term fi(g) \n[fi' (g) / ij,{g)) is bounded 

above and has a nonpositive upper limit as fi{g) 0. By Proposition [6] the function 
r„(/i, D) depends continuously on /i G M{Dm)- Hence it is bounded on M{Dm)- And since 
all the summands in the right-hand side of (I15p are bounded from above it follows that 
they are bounded from below as well. 
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Suppose that h E D and that ln(yu'(/i)/yu(/i)) does not tend to zero as fi{h) 0. 
Then there exist a sequence /Xj G M{Dm) and an £ > such that fJ^i{h) and at the 
same time fj.i{h) ln(/i-(/i) / fj,i{h)) < —e. Replacing the sequence Hi by a subsequence we can 
provide the simuhaneous existence of the hmits ^{g) = lim fj,i{g) and fi*{g) = limfi'i(g) as 
i — oo. Then 

hmsup T„(/ii, D) = hm sup In < ij{g)\n^^-^ - e. 

.ts: ^^^^ M 

It is easy to see that the right-hand side of the latter inequality does not exceed T„(yU, D) —e, 
which contradicts the continuity of the restriction of r„( ■ ,D) to M{Dm)- □ 

Denote by Int M{Dm) the set of measures fi G M{Dm) that are strictly positive at each 
element g G Dm- For a pair of measures fi G Int M{Dm) and u G M{D) put 

r„(i.,/i,Z})= J2 K^7)ln^, (16) 
where fi'{g) is defined by (fT4|) . 

Lemma 13 For any measure fiQ G M{Dm) and any t > Tn{fio, D) there exist a neighbor- 
hood 0(/io) in M{D) and a measure fi G 0{^q) H Int M(Dm) such that for all v G 0{^q) 
we have Tn{v-, /i, D) < t. 

Proof. Let Dm = {gi-, ■ ■ ■ ,gk} and fii be the center of the simplex M{Dm)- The latter is 
defined by Hi{gi) = l/k, where gi G Dm- Consider the family = {1 — 9)fio + 9fii. It 
lies in Int M(Dm) provided 9 G (0,1]. Denote by Og{fio) the set of measures u G M{D) 
satisfying the inequalities {I'igi) — yUo(fi'j)| < ^ for all gi G Dm- Obviously, fig G Og{fio). 

By virtue of Proposition [6] the function Tn{fJ^e, D) depends continuously on the parameter 
9 > and so it is close to TnlfiQ, D) if 9 is small. So it is sufficient to prove that if z/ G Oq{^q) 
then the difference 

r„(z/, /i,, D) - Trifle, D)=y2 f ^ - l) x ^,o{9) In ^ (17) 

uniformly converges to zero as 0. This can be easily deduced from Lemma [T2l Indeed, 
if fio{g) > and 9 is small then the first multiplier of the corresponding summand in (fT7|) 
is small while the second multiplier is bounded. And if ^oid) = then the first multiplier 
is bounded while the second one is small. □ 

Lemma 14 // G Int M{Dm) and the function f G L}{X,m) is nonnegative then 

E ^ / 9foa^dm< ! fdm. 

Proof. Without loss of generality we can assume that f dm = 1. Lemma [T^ implies that 
fi'{g) > whenever fi{g) > 0. Consider the function 

V- . M il-t)fJ''i9)+tJj^gfoa''dm 
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defined on the segment [0, 1]. By f|T^ and f[T5|) it attains maximum at the point zero. Hence 
its derivative at zero is nonpositive: 

So the lemma is proved. □ 

Now we are able to prove the Entropy Statistic Theorem itself. Let us fix a measure 
/io G M(X, m) and an arbitrary number t > T(/io). Choose a natural number n and a 
measurable partition of unity D on X such that Tn{fio, D) < nt. 

Let Dm be the set of all functions g E D satisfying the inequality g dm > 0. Obvi- 
ously, each g e D\Dm vanishes m-almost everywhere. Hence the function Sng{x) = nS^^nig) 
also vanishes almost everywhere. Thus, S^^n ^ M{Dm) for almost all x & X. 

Suppose first that fiQ G M{D) \ M{Dm)- Take any neighborhood O(yUo) C M{D) that 
has the empty intersection with M{Dm)- In this case 6x^n ^ 0{^q) almost everywhere. 
Hence m(X„(0(/io))) = and so for the situation considered the theorem is proved. 

It remains to consider the case /xq G M{Dm)- Then by Lemma [13] there exist a neigh- 
borhood 0(/io) in M{D) and a measure /i G 0(/io) Hint M{Dm) such that for all v G 0(/io) 
the estimate Tn{i',fi,D) < nt holds. 

Set 

^(x)= J2 9ix)\n4r\, (18) 

where ^'{g) is defined by (IT^ and (fT5|) . If we compare (fTSjl with (fT6|l . it becomes clear that 
for any natural the following equality holds 

^iv^(x) = -iVr„(5,,^,/i,D). (19) 

Recall that Xlgez) 9 — ^ almost everywhere. Therefore the convexity of the exponent 
and Lemma UM imply that for any nonnegative function / G L^{X,m) 

! e^foa''dm< [ V^^^/oa"rfm< [ f dm. (20) 
Jx Jxgf^^ f^'i9) Jx 

Let us introduce the notation 

= ^ + ^oa" + --- + ^/'oa"('=-i). 

Then 

Applying /c times estimates ( l20l) to the latter equality we obtain 

e'^'^/oa'^'^tim < [ f dm. (21) 

By construction, ip{x) is essentially bounded and thus there exists a constant C such 
that |'?/'(a;)| < C for almost all x & X. Consider a natural number N > n. For this number 
choose an integer k such that G [n(A; + 1), n{k + 2)]. Then 

n-l 

SniP < Snkip + ^nC = ^iljkoa' + 2nC. (22) 
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If X G X7v(0(/io)) then 5x,n G 0{fio) and by the choice of 0{fio) we have the estimate 
Tn{Sx,N, fJ', D) < nt. In this case f|T9l) and fl22l) imply 



M > _r„(5,,;v,/x,D) = ^^^(x) > VV'fcoa'(x) -2C 

n n n ^ — ^ 

for almost all x G XAr(0(/io)). Whence, 

By virtue of Holder's inequality the latter integral does not exceed 

JJ ( / e'^^°"7oa^dmJ < JJ ( ||A||W e^^oa^"^ rfm J , 
j=o ^"'-^ ^ i=o V / 

and by (12T!) one has 

ij e^' foa^-'dm<\\A\\'[ /oa^"^""^ tim < /" f dm. 

Jx Jx Jx 



Now the Entropy Statistic Theorem follows from the final three estimates. □ 
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